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Abstract
We derive the non-relativistic c → ∞ and ultra-relativistic c → 0 limits of the κ-deformed
symmetries and corresponding spacetime in (3+1) dimensions, with and without a cosmolog-
ical constant. We apply the theory of Lie bialgebra contractions to the Poisson version of the
κ-(A)dS quantum algebra, and quantize the resulting contracted Poisson–Hopf algebras, thus
giving rise to the κ-deformation of the Newtonian (Newton–Hooke and Galilei) and Carrollian
(Para-Poincare´, Para-Euclidean and Carroll) quantum symmetries, including their deformed
quadratic Casimir operators. The corresponding κ-Newtonian and κ-Carrollian noncommu-
tative spacetimes are also obtained as the non-relativistic and ultra-relativistic limits of the
κ-(A)dS noncommutative spacetime. These constructions allow us to analyze the non-trivial
interplay between the quantum deformation parameter κ, the curvature parameter η and the
speed of light parameter c.
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1 Introduction
Quantum gravity research usually focusses on the “relativistic regime”, namely it considers
scenarios that at low energies/large distances reduce either to general or special relativity, with
finite speed of light. This is for example the case of noncommutative spacetime models [1, 2, 3, 4].
They provide a formalization of the expected fuzzy behaviour of spacetime close to the Planck
length Lp ≃ 10
−35m [5, 6, 7], where quantum-gravitational effects break the usual description of
spacetime in terms of a smooth pseudo-Riemannian manifold. These models describe a “special
relativistic regime” of quantum gravity, since when the noncommutativity parameter (related
to the Planck length) vanishes, one recovers the usual description of Minkowski spacetime.
Over the last two decades, motivated by the need to make contact with phenomenological
studies in the astrophysical and cosmological setting [8, 9], such models were extended to include
a non-vanishing spatial curvature, thus developing noncommutative versions of the (Anti-)de Sit-
ter ((A)dS) models (see [10, 11, 12, 13, 14, 15, 16] and references therein). As the understanding
of these models advanced, it became increasingly clear that the interplay between the curvature
parameter and the Planck-scale noncommutativity parameter is non-trivial [17]. For example,
some kinds of deformations of a particle dispersion relation might only appear when the two
parameters are both non-zero [9, 17], and the rotation sector might be deformed [18].
Having realised that the introduction of a curvature parameter might have non-trivial con-
sequences in quantum spacetime models, it is reasonable to wonder what role does the speed
of light parameter play in this context. In particular, the question of what residual quantum-
gravity effects might survive in the non-relativistic (c→∞) and ultra-relativistic (c→ 0) limits
should be investigated.1 These are issues with possible phenomenological consequences: the
c→∞ limit is relevant for the search of quantum-gravity signatures in systems where the typi-
cal velocities are small compared to the speed of light, such as in atom interferometry [19, 20],
while the c→ 0 limit can be related to quantum effects in a strong gravity regime [21, 22, 23].
In previous work [24], some of us started to uncover that indeed the non-relativistic and
ultra-relativistic limits of quantum spacetime models are non-trivial. This was done by studying
these limits in the context of Snyder noncommutativity with zero spacetime curvature. We found
that, contrary to what commonly assumed, the separation of space and time that one would
usually expect in the non-relativistic and ultra-relativistic limits is not realised, because of a
residual noncommutativity between time and space coordinates. Moreover, the limits are realised
in a non-trivial way, since they are somewhat exchanged when looking at the corresponding
momentum space geometry of each model.
In this paper we further investigate these issues in the context of one of the most stud-
ied models of quantum spacetime, characterized by the so-called κ-deformation. The flat case,
known as the κ-Minkowski spacetime with associated κ-Poincare´ symmetry, has been widely
investigated in the context of quantum gravity research, uncovering a rich structure and a va-
riety of possible phenomenological consequences [25, 26, 27, 28, 29, 30]. In more recent times,
the model has been extended to include non-vanishing curvature, with the development of the
κ-(A)dS spacetime [31] and its associated κ-(A)dS symmetries [32]. It was indeed by using these
1Despite the possibly misleading terminology that is commonly used, both the non-relativistic and the ultra-
relativistic limits of Poincare´ invariant models retain invariance under some group of kinematical symmetries, the
Galilei and the Carroll group, respectively. This is also true when the same limits are applied to systems with
(Anti-)de Sitter invariance. In this case, the two limits produce models that are invariant under the so-called
Newton–Hooke and curved Carroll groups of symmetries, respectively (each of them can in turn have positive or
negative cosmological constant).
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models that the interplay between spacetime curvature and noncommutativity was most pre-
cisely characterized. Here we show that studying the non-relativistic and ultra-relativistic limits
of these models allows us to investigate the possible interplay between the noncommutativity
parameter, the cosmological constant and the speed of light all at once.
We compute for the first time the Poisson version of the κ-deformed Newtonian and Car-
rollian quantum algebras, including their extension with non-vanishing curvature. These can
be obtained as the c → ∞ and c → 0 contractions of the κ-(A)dS algebra, respectively.2 Fur-
thermore, we obtain the noncommutative spacetimes that are invariant under such symmetries,
which we call the κ-Newtonian and κ-Carrollian spacetimes (under these names we include both
the vanishing and non-vanishing cosmological constant cases), showing that they are the c→∞
and c→ 0 limits of the κ-(A)dS spacetime. We find that, similarly to what happens for the Sny-
der model, also with the κ-deformation space and time maintain a residual noncommutativity
in both the non-relativistic and the ultra-relativistic limits. Moreover, the form of the Casimir
of the algebra of symmetries in the non-relativistic limit suggests a residual interplay between
spatial momenta and energy (this is not the case in the ultra-relativistic limit). The study of the
κ-deformation with non-zero spatial curvature lets us also appreciate the interplay of all of the
three parameters for the model: while the non-relativistic limits preserves the deformation of the
algebra of rotations that is induced by the curvature parameter in the κ-(A)dS algebra, in the
ultra-relativistic limit the standard algebra of rotations is recovered, even when the curvature
is non-vanishing.
The structure of the paper is as follows. In Section 2 we review the classical (A)dS alge-
bra and its non-relativistic and ultra-relativistic limits. These are obtained after an appropriate
c-dependent rescaling of the symmetry generators. In Section 3 we review the contraction proce-
dure that can be applied to quantum algebras to obtain the non-relativistic and ultra-relativistic
limits, and use it to compute the κ-Newtonian algebra with non-vanishing cosmological con-
stant and its κ-Galilei algebra limit. In Section 4 we apply the same procedure to obtain the
κ-Carrollian algebras, with vanishing and non-vanishing cosmological constant. In Section 5
we construct the corresponding quantum spacetimes that are invariant under the κ-Newtonian
and κ-Carrollian symmetries, respectively. For these spacetimes we provide both the Poisson
brackets structure and their quantization. The final Section 6 provides some concluding remarks
and outlook.
2 The non-relativistic and ultra-relativistic limits of (A)dS
We start by reviewing the limiting procedures that bring us from the classical (A)dS algebra to
its non-relativistic (c→∞) and ultra-relativistic (c→ 0) limits. We show that in order to obtain
consistent results, these limits need to be taken after an appropriate rescaling of the symmetry
generators. The procedure we expose in this section will be adapted to the κ-deformed algebra
and spacetime in the following sections.
Let us consider the kinematical algebras of isometries of the (3+1)D (A)dS and Minkowskian
spacetimes in the basis spanned by the time translation generator P0, space translations P =
(P1, P2, P3), boosts K = (K1,K2,K3) and rotations J = (J1, J2, J3). These three Lorentzian Lie
algebras can collectively be described in terms of the cosmological constant Λ as a one-parameter
2The zero-curvature case is trivially obtained by sending the cosmological constant parameter to zero.
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family of Lie algebras denoted by AdSΛ whose commutation relations read
[Ja, Jb] = ǫabcJc, [Ja, Pb] = ǫabcPc, [Ja,Kb] = ǫabcKc,
[Ka, P0] = Pa, [Ka, Pb] = δabP0, [Ka,Kb] = −ǫabcJc,
[P0, Pa] = −ΛKa, [Pa, Pb] = Λ ǫabcJc, [P0, Ja] = 0,
(1)
where from now on sum over repeated indices will be understood and a, b, c = 1, 2, 3. The family
AdSΛ is endowed with two Casimir operators; one of them is the quadratic Casimir coming from
the Killing–Cartan form, namely,
C = P 20 −P
2 + Λ
(
K
2 − J2
)
, (2)
while the other one is fourth-order, and is related to the Pauli–Lubanski 4-vector. Its explicit
form can be found in [33, 34]. Hence AdSΛ is the AdS algebra so(3, 2) for Λ < 0, the dS algebra
so(4, 1) when Λ > 0, and the Poincare´ algebra iso(3, 1) for Λ = 0. This latter case is just the
spacetime contraction of the (A)dS algebras which is associated with the composition of the
parity P and time-reversal T involutive automorphisms [35], which acts on the generators as
follows:
PT (P0,P,K,J) = (−P0,−P,K,J). (3)
The three (3+1)D Lorentzian spacetimes of constant curvature are obtained as the coset
spaces that we will denote as
AdS
3+1
Λ
= G/H, H = SO(3, 1) = 〈K,J〉, (4)
where G is the Lie group with Lie algebra AdSΛ and H is the isotropy subgroup, namely the
Lorentz subgroup generated by boosts and rotations. When Λ < 0 we obtain the AdS space,
when Λ < 0 the dS one and the Λ = 0 coset space is just the Minkowski spacetime. Hence
AdS
3+1
Λ
encompasses the family of symmetrical homogeneous Lorentzian spacetimes (with in-
volution (3)) of constant sectional curvature ω = −Λ.
2.1 The non-relativistic limit: Newtonian algebras and spacetimes
In order to apply the non-relativistic limit within the family AdSΛ we first introduce explicitly
the speed of light c via the map
P→
1
c
P, K→
1
c
K. (5)
Applying this to the commutation rules (1) and taking the limit c→∞ yields
[Ja, Jb] = ǫabcJc, [Ja, Pb] = ǫabcPc, [Ja,Kb] = ǫabcKc,
[Ka, P0] = Pa, [Ka, Pb] = 0, [Ka,Kb] = 0,
[P0, Pa] = −ΛKa, [Pa, Pb] = 0, [P0, Ja] = 0.
(6)
The non-relativistic limit of the second-order Casimir is obtained by transforming (2) through
the map (5) and then taking the limit limc→∞(−C/c
2), leading to
C = P2 − ΛK2. (7)
4
We recall that this procedure is just an Ino¨nu¨–Wigner contraction [36] which corresponds to the
speed-space contraction associated with the parity P automorphism [35]
P(P0,P,K,J) = (P0,−P,−K,J). (8)
In this way we have obtained the family of non-relativistic or Newtonian Lie algebras, that
we will denote as nΛ: the expanding Newton–Hooke (NH) algebra n+ for Λ > 0, the oscillating
NH algebra n− for Λ < 0 and the Galilei algebra n0 for Λ = 0 [24, 33, 34, 35, 37, 38, 39, 40, 41].
These algebras have the following structure (the notation ⊕S stands for the semidirect sum):
n+ = R
6⊕S
(
so(1, 1) ⊕ so(3)
)
, R6 = 〈P,K〉, so(1, 1) = 〈P0〉, so(3) = 〈J〉.
n− = R
6⊕S
(
so(2) ⊕ so(3)
)
, R6 = 〈P,K〉, so(2) = 〈P0〉, so(3) = 〈J〉.
n0 = R
4⊕S
(
R
3 ⊕S so(3)
)
≡ iiso(3), R4 = 〈P0,P〉, R
3 = 〈K〉, so(3) = 〈J〉.
(9)
The three corresponding (3+1)D Newtonian spacetimes of constant curvature are constructed
as the coset spaces
N
3+1
Λ
= NΛ/H, H = ISO(3) = 〈K,J〉, (10)
where NΛ is the Lie group with Lie algebra nΛ and H is the isotropy subgroup of rotations and
(commuting) Newtonian boosts, which is isomorphic to ISO(3). These three non-relativistic
spacetimes have the same constant sectional curvature ω = −Λ as their Lorentzian counter-
parts. We point out that ω is the curvature of the “main” metric (which is degenerate and
provides the “absolute-time” description), but there exists an additional invariant foliation un-
der the Newtonian group action with a “subsidiary” 3D non-denegerate Euclidean spatial metric
restricted to each leaf of the foliation (see, e.g. [24, 42] for explicit metric models).
2.2 The ultra-relativistic limit: Carrollian algebras and spacetimes
The ultra-relativistic limit of the family AdSΛ can be performed by introducing the speed of
light c via the map [35, 43]
P0 → c P0, K→ cK. (11)
Applying this to the commutation relations (1) and taking the limit c→ 0 generates the family
of Lie algebras
[Ja, Jb] = ǫabcJc, [Ja, Pb] = ǫabcPc, [Ja,Kb] = ǫabcKc,
[Ka, P0] = 0, [Ka, Pb] = δabP0, [Ka,Kb] = 0,
[P0, Pa] = −ΛKa, [Pa, Pb] = Λ ǫabcJc, [P0, Ja] = 0.
(12)
The ultra-relativistic limit of the second-order AdSΛ Casimir is obtained by transforming (2)
under the map (11) and taking the limit limc→0 c
2 C, thus yielding
C = P 20 + ΛK
2. (13)
This process defines an Ino¨nu¨–Wigner contraction [36] which is interpreted as the speed-time
contraction associated with the time-reversal T involution [35]
T (P0,P,K,J) = (−P0,P,−K,J). (14)
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Thus we have obtained the family of Carrollian Lie algebras, denoted cΛ, which comprises
the Para-Euclidean c+, Para-Poincare´ c− and the (proper) Carroll c0 algebras [22, 24, 35, 37,
39, 40, 41, 43, 44, 45]. Their internal structure can be described as follows [24]:
c+ ≡ i
′
so(4) = R′4 ⊕S so(4), R
′4 = 〈P0,K〉, so(4) = 〈P,J〉.
c− ≡ i
′
so(3, 1) = R′4 ⊕S so(3, 1), R
′4 = 〈P0,K〉, so(3, 1) = 〈P,J〉.
c0 ≡ i
′
iso(3) = R′4⊕S
(
R
3 ⊕S so(3)
)
, R′4 = 〈P0,K〉, R
3 = 〈P〉, so(3) = 〈J〉.
(15)
We remark that i′so(4) is isomorphic to the Euclidean algebra iso(4) and i′so(3, 1) to the Poincare´
algebra iso(3, 1), although they are physically different algebras. In fact, the ′ notation for the
Para-Poincare´ algebra i′so(3, 1) means that so(3, 1) = 〈P,J〉 acts on R′4 = 〈P0,K〉 through the
contragredient of the vector representation, while in the Poincare´ algebra iso(3, 1) the Lorentz
subalgebra so(3, 1) = 〈K,J〉 acts on R4 = 〈P0,P〉 through the vector representation, and simi-
larly for the two remaining Carrollian algebras (see [46] for details).
The three (3+1)D Carrollian spacetimes of constant curvature are identified with the coset
spaces
C
3+1
Λ
= CΛ/H, H = ISO(3) = 〈K,J〉, (16)
where CΛ is the Lie group with Lie algebra cΛ and H is again the isotropy subgroup ISO(3)
spanned by rotations and (commuting) Carrollian boosts. We stress that now such Carrollian
spacetimes have sectional curvature ω = +Λ, instead of ω = −Λ as in the Lorentizan and
Newtonian spacetimes. In particular, the “main” metric for Carrollian spacetimes is again
degenerate and provides an “absolute-space” geometry with curvature ω = +Λ. But there does
also exist an invariant foliation preserved by the Carrollian group action which is characterized
by a “subsidiary” 1D time metric that is restricted to each leave of the foliation [24].
For the sake of clarity, in Table 1 we summarize the nine kinematical algebras (Lorentzian,
Newtonian and Carrollian) and the corresponding spacetimes.
3 The κ-deformation of the Newtonian algebras
In the previous section we have seen how to perform the non-relativistic limit of the AdSΛ
algebra with commutation relations (1): one needs to introduce the speed of light parameter
via a rescaling of the symmetry generators, eq. (5), and then perform the limit c →∞. When
dealing with a quantum algebra, in our case the κ-deformation of the AdSΛ algebra, one needs
to identify the appropriate rescaling of the quantum deformation parameter κ that, along with
the map (5), allows us to obtain meaningful expressions in the c → ∞ limit (the idea that in
quantum group contractions the deformation parameter has to be transformed was introduced
for the first time in [47, 48]). In order to do so we start by recalling the fundamental structures
that underlie the κ-AdSΛ algebra. A more detailed discussion can be found in [31, 32].
The κ-deformation of the AdSΛ algebra can be generated by the classical r-matrix given
by [31, 32]
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3 + η J1 ∧ J2), (17)
where the parameter η is related to the cosmological constant via
η2 := −Λ. (18)
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Table 1: Lorentzian, Newtonian and Carrollian algebras together with their corresponding (3+1)D
homogeneous spacetimes with constant sectional curvature ω according to the value of Λ.
Lorentzian algebras and spacetimes
• AdS • Poincare´ • dS
so(3, 2): Λ < 0, ω = −Λ > 0 iso(3, 1): Λ = ω = 0 so(4, 1): Λ > 0, ω = −Λ < 0
AdS
3+1 = SO(3, 2)/SO(3, 1) M3+1 = ISO(3, 1)/SO(3, 1) dS3+1 = SO(4, 1)/SO(3, 1)
Newtonian algebras and spacetimes
• Oscillating NH • Galilei • Expanding NH
n− = R
6
⊕S
(
so(2)⊕ so(3)
)
n0 = iiso(3) n+ = R
6
⊕S
(
so(1, 1) ⊕ so(3)
)
Λ < 0, ω = −Λ > 0 Λ = ω = 0 Λ > 0, ω = −Λ < 0
N
3+1
−
= N−/ISO(3) N
3+1
0 ≡ G
3+1 = IISO(3)/ISO(3) N3+1+ = N+/ISO(3)
Carrollian algebras and spacetimes
• Para-Poincare´ • Carroll • Para-Euclidean
c− = i
′
so(3, 1): Λ = ω < 0 c0 = i
′
iso(3): Λ = ω = 0 c+ = i
′
so(4): Λ = ω > 0
C
3+1
−
= I′SO(3, 1)/ISO(3) C3+10 ≡ C
3+1 = I′ISO(3)/ISO(3) C3+1+ = I
′SO(4)/ISO(3)
The parameter η can be either real or pure imaginary number for AdS (r−) and dS (r+),
respectively. When η = Λ = 0 we recover the κ-Poincare´ r-matrix [49, 50]
r0 =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3), (19)
underlying the well known κ-Poincare´ algebra and group [2, 51, 52, 53, 54].
The κ-AdSΛ r-matrix (17) is a solution of the modified classical Yang–Baxter equation and
leads to a quasi-triangular Lie bialgebra through the commutator
δ(X) = [X ⊗ 1 + 1⊗X, rΛ], ∀X ∈ AdSΛ, (20)
namely [31, 32],
δ(P0) = δ(J3) = 0, δ(J1) =
η
κ
J1 ∧ J3, δ(J2) =
η
κ
J2 ∧ J3,
δ(P1) =
1
κ
(P1 ∧ P0 − η P3 ∧ J1 − η
2K2 ∧ J3 + η
2K3 ∧ J2),
δ(P2) =
1
κ
(P2 ∧ P0 − η P3 ∧ J2 + η
2K1 ∧ J3 − η
2K3 ∧ J1),
δ(P3) =
1
κ
(P3 ∧ P0 + η P1 ∧ J1 + η P2 ∧ J2 − η
2K1 ∧ J2 + η
2K2 ∧ J1),
δ(K1) =
1
κ
(K1 ∧ P0 + P2 ∧ J3 − P3 ∧ J2 − η K3 ∧ J1),
δ(K2) =
1
κ
(K2 ∧ P0 − P1 ∧ J3 + P3 ∧ J1 − η K3 ∧ J2),
δ(K3) =
1
κ
(K3 ∧ P0 + P1 ∧ J2 − P2 ∧ J1 + η K1 ∧ J1 + η K2 ∧ J2).
(21)
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Starting from these cocommutators, the complete Poisson analogue of the κ-AdSΛ quantum
algebra (including fully explicit expressions for both coproducts and deformed Poisson brackets)
was constructed in [32], and written in terms of the curvature ω ≡ η2 and quantum deformation
parameter z = κ−1. Recall that the term η J1 ∧ J2 in rΛ (17) gives rise to a sub-Lie bialgebra
structure within (21) coming from the Lie subalgebra su(2) ≃ so(3) spanned by the rotation
generators, which disappears in the Poincare´ case with η = 0. So one of the peculiar effects of
the interplay between the curvature and quantum deformation parameters is that the algebra
of rotations gets deformed, see also the discussion in [18].
The non-relativistic limit of the κ-AdSΛ symmetry can be obtained by applying the Lie
bialgebra contraction (LBC) approach introduced in [55]. This completely general procedure
starts from a given Lie algebra contraction and studies which transformation of the quantum
deformation parameter has to be considered in order to obtain a well-defined and non-trivial
Lie bialgebra structure after the contraction is performed. The initial Lie algebra contraction
together with the transformation law of the quantum deformation parameter in terms of the
contraction parameter defines a specific LBC, which suffices in order to define the appropriate
contraction of the full quantum algebra and, through suitable consistency conditions arising from
duality relations, the associated contraction of the Poisson–Lie and quantum groups (see [55]
for details).
It is important to stress that in this approach the r-matrix and its associated cocommutator
δ given by (20) can behave differently under a given LBC, and the former could diverge while
the latter is well-defined. This is quite natural since for non-semisimple Lie algebras (like the
Newtonian and Carrollian ones) there do exist non-coboundary Lie bialgebra structures δ for
which no r-matrix can be found, and for some of these cases they can be obtained as a LBC
of a coboundary Lie bialgebra. The LBC that guarantees the existence of a non-vanishing
cocommutator under contraction is called a fundamental LBC, while the one that guarantees
the existence of a non-vanishing r-matrix is called a coboundary one. Indeed, there could
also exist some LBC which is simultaneously fundamental and coboundary, and in that case
the contracted δ can consistently be obtained from the contracted r through the coboundary
relation (20). As we will see in the sequel, this analysis will be essential for the obtention of
Newtonian and Carrollian Lie bialgebras as contractions from AdSΛ.
As a first step in the computation of the non-relativistic limit of the κ-AdSΛ Lie bialgebra,
we check whether there exists a LBC that is coboundary. To this aim, we transform the r-
matrix (17) through the map (5), finding
rΛ =
c2
κ
(
K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3 +
1
c2
η J1 ∧ J2
)
. (22)
Now, the existence of a convergent and non-trivial c → ∞ limit of rΛ in (22) implies that the
unique solution for the transformation law of the deformation parameter is
κ→ c−2κ . (23)
Thus the LBC defined by the Lie algebra contraction (5) together with the transformation
law (23) gives rise to
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3), (24)
which is a common r-matrix for the three Newtonian algebras nΛ with commutation rules (6).
Nevertheless, if we compute the associated cocommutator δ through the coboundary relation (20)
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we get a trivial result, that is, δ(X) = 0, ∀X ∈ nΛ. Indeed, the same vanishing cocommutator
is obtained if the same maps (5) and (23) are applied onto the cocommutator (21) and the limit
c → ∞ is computed. Therefore, we conclude that the coboundary LBC associated to the non-
relativistic limit of the κ-deformation does exists but leads to a trivial structure. As it can be
straightforwardly checked, when this LBC is applied to the full κ-AdSΛ Poisson–Hopf algebra
we get a primitive coproduct and non-deformed commutation rules. Moreover, the Sklyanin
bracket generated by the r-matrix (24) onto the three Newtonian groups vanishes identically,
and therefore the spacetime is commutative.
As we mentioned above, one can also look for a fundamental LBC which is not coboundary
and which gives rise to a non-vanishing cocommutator in the Newtonian limit. In case this exists,
it should be different from the previous coboundary LBC. By introducing the map (5) within
the cocommutator (21) it is straightforward to check that the transformed δ does not contain
c and, therefore, there is no need to transform the deformation parameter under contraction
in order to obtain a non-trivial Newtonian Lie bialgebra. Hence the non-relativistic contracted
cocommutator coincides with the κ-AdSΛ one given by (21). Note that this new fundamental
LBC in which the deformation parameter does not change leads to a divergence for the c→∞
limit of the r-matrix (22), which is consistent with the fact that the Newtonian Lie bialgebra
defined by the cocommutator (21) together with the commutation rules (6) is not a coboundary
Lie bialgebra. Summarizing, a non-trivial κ-deformation of the Newtonian algebras can be
obtained as a fundamental (and non-coboundary) LBC in which the deformation parameter is
not affected by the non-relativistic limit.
Therefore, if we apply the map (5) to the complete κ-AdSΛ Poisson–Hopf algebra given in [32]
and perform the limit c → ∞ we get fully convergent expressions for the three κ-Newtonian
algebras. The coproduct ∆ given in [32] is found to be invariant under such contraction, so we
omit it for the sake of brevity, while the contracted Poisson brackets turn out to be
{J1, J2} =
e2ηJ3/κ − 1
2η/κ
−
η
2κ
(
J21 + J
2
2
)
, {J1, J3} = −J2, {J2, J3} = J1,
{J1, P1} =
η
κJ1P2, {J1, P2} = P3 −
η
κJ1P1, {J1, P3} = −P2,
{J2, P1} = −P3 +
η
κJ2P2, {J2, P2} = −
η
κJ2P1, {J2, P3} = P1,
{J3, P1} = P2, {J3, P2} = −P1, {J3, P3} = 0,
{J1,K1} =
η
κJ1K2, {J1,K2} = K3 −
η
κJ1K1, {J1,K3} = −K2,
{J2,K1} = −K3 +
η
κJ2K2, {J2,K2} = −
η
κJ2K1, {J2,K3} = K1,
{J3,K1} = K2, {J3,K2} = −K1, {J3,K3} = 0,
{Ka, P0} = Pa, {P0, Pa} = η
2Ka, {P0, Ja} = 0,
(25)
{K1, P1} =
1
2κ
(
P 22 + P
2
3 − P
2
1
)
+
η2
2κ
(
K22 +K
2
3 −K
2
1
)
,
{K2, P2} =
1
2κ
(
P 21 + P
2
3 − P
2
2
)
+
η2
2κ
(
K21 +K
2
3 −K
2
2
)
,
{K3, P3} =
1
2κ
[
(P1 + ηK2)
2 + (P2 − ηK1)
2 − P 23 − η
2K23
]
,
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{P1,K2} =
1
κ
(
P1P2 + η
2K1K2 − ηP3K3
)
,
{P2,K1} =
1
κ
(
P1P2 + η
2K1K2 + ηP3K3
)
,
{P1,K3} =
1
κ
(
P1P3 + η
2K1K3 + ηK2P3
)
,
{P3,K1} =
1
κ
(
P1P3 + η
2K1K3 − ηP2K3
)
,
{P2,K3} =
1
κ
(
P2P3 + η
2K2K3 − ηK1P3
)
,
{P3,K2} =
1
κ
(
P2P3 + η
2K2K3 + ηP1K3
)
,
{Ka,Kb} = −
η
κ
ǫabcKcK3, {Pa, Pb} = −
η
κ
ǫabcPcP3.
As usual, the limit κ→∞ corresponds to the non-deformed (“classical”) limit with commutation
rules (6), expressed as Poisson brackets together with a primitive coproduct. Note that this
c→∞ limit preserves the non-trivial properties of the rotation sector that were already present
in the κ-AdSΛ case and is due to the interplay between the curvature and quantum deformation
parameters.
The deformed version of the second-order Newtonian Casimir (7) is obtained as the limit
limc→∞ (−Cκ/c
2) after the κ-AdSΛ Casimir Cκ has been transformed under the automorphism
(5), yielding
Cκ = e
P0/κ
(
P
2 + η2K2
) [
cosh(ηJ3/κ) +
η2
2κ2
(J21 + J
2
2 )e
−ηJ3/κ
]
(26)
−2η2eP0/κ
[
sinh(ηJ3/κ)
η
R3 +
1
κ
(
J1R1 + J2R2 +
η
2κ
(J21 + J
2
2 )R3
)
e−ηJ3/κ
]
,
where Ra = ǫabcKbPc. By comparison with the classical Newtonian Casimir, we see that the
presence of the time translation generator is a purely quantum effect, while the presence of the
rotation generators is due to the interplay between the curvature and quantum deformation
parameters. This can be confirmed by looking at the κ-Galilei Casimir that is written explicitly
below, eq. (29). The Newtonian limit of the deformed fourth-order “Pauli–Lubanski” Casimir
presented in [32] can be obtained in a similar manner and leads to a very involved expression.
It is worth stressing that the above results provide a κ-Newtonian Poisson–Hopf algebra
whose quantization should be further performed in order to obtain the noncommutative quantum
algebra. In the Newton-Hooke cases (i.e. when η 6= 0) this task implies taking into account all
ordering ambiguities appearing in both the coproduct and the Poisson brackets and we omit the
final expressions for the sake of brevity, since the essential structure of the deformation can be
fully appreciated at the Poisson bracket level. However, for the Galilean case (i.e. with η → 0)
no ordering ambiguities arise and we get the κ-Galilei quantum algebra:
∆(P0) = P0 ⊗ 1 + 1⊗ P0,
∆(Ja) = Ja ⊗ 1 + 1⊗ Ja,
∆(Pa) = Pa ⊗ 1 + e
−P0/κ ⊗ Pa, (27)
∆(Ka) = Ka ⊗ 1 + e
−P0/κ ⊗Ka +
1
κ
ǫabcPb ⊗ Jc,
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[Ja, Jb] = ǫabcJc, [Ja, Pb] = ǫabcPc, [Ja,Kb] = ǫabcKc,
[Ka, P0] = Pa, [Ka,Kb] = 0, [Ka, Pb] = δab
1
2κ
P
2 −
1
κ
PaPb,
[P0, Pa] = 0, [Pa, Pb] = 0, [P0, Ja] = 0,
(28)
Cκ = e
P0/κP
2. (29)
Note that the resulting Hopf algebra is written in a bicrossproduct basis [2, 56, 57, 58] with
respect to the four commuting translations R4 = 〈P0,P〉. We recall that the κ-Galilei algebra
was firstly obtained in [53] through contraction from the κ-Poincare´ algebra (but without an
LBC analysis) and was expressed in a “symmetrical” basis which is related to the bicrossproduct
one here considered through a nonlinear map. To the best of our knowledge, the κ-deformation
of the oscillating and expanding Newton-Hooke algebras (η 6= 0) is a completely new result.
4 The κ-deformation of the Carrollian algebras
The ultra-relativistic limit c→ 0 of the κ-AdSΛ algebra can be performed by following the same
LBC approach [55] described in the previous section. In this case the Lie algebra contraction
map is given by (11), which in the classical case leads to the Carrollian Lie algebra cΛ (12). As
done in the previous section, we first check whether there is a coboundary LBC. To this aim we
apply the contraction map (11) to the r-matrix (17), obtaining
rΛ =
1
c κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3 + c η J1 ∧ J2). (30)
Asking that this r-matrix has a well-defined and non-trivial limit for c → 0 implies that the
deformation parameter must be transformed as
κ→ c κ. (31)
Then the c→ 0 limit for the r-matrix reads
rΛ =
1
κ
(K1 ∧ P1 +K2 ∧ P2 +K3 ∧ P3), (32)
which again coincides with the κ-Poincare´ r-matrix (19) for any value of the cosmological con-
stant parameter η. The remarkable point now is that, in contrast with the Newtonian case, the
cocommutator obtained through the relation (20) is a non-trivial one, namely
δ(P0) = δ(Ja) = 0, δ(Ka) =
1
κ
Ka ∧ P0,
δ(Pa) =
1
κ
(Pa ∧ P0 − η
2 ǫabcKb ∧ Jc).
(33)
Furthermore, if we apply the LBC to the AdSΛ commutator (21) given by the map (11) we find
that the very same transformation (31) is the one ensuring the convergence of the cocommutator
and gives rise to the same contracted expressions (33). Therefore the LBC defined by the maps
(11) and (31) together with the limit c→ 0 is both a coboundary and a fundamental one. From
it, the ultra-relativistic limit of the coproduct and Poisson brackets can directly be computed
from the κ-AdSΛ Poisson algebra [32] thus giving rise to the κ-Carrollian Poisson–Hopf algebras:
∆(P0) = P0 ⊗ 1 + 1⊗ P0, ∆(Ja) = Ja ⊗ 1 + 1⊗ Ja,
∆(Pa) = Pa ⊗ 1 + e
−P0/κ ⊗ Pa −
η2
κ
ǫabcKb ⊗ Jc, (34)
∆(Ka) = Ka ⊗ 1 + e
−P0/κ ⊗Ka,
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{Ja, Jb} = ǫabcJc, {Ja, Pb} = ǫabcPc, {Ja,Kb} = ǫabcKc,
{Ka, P0} = 0, {Ka,Kb} = 0, {P0, Ja} = 0,
{P0, Pa} = η
2Ka, {Pa, Pb} = −η
2ǫabcJc,
{Ka, Pb} = δab
(
1− e−2P0/κ
2/κ
+
η2
2κ
K
2
)
−
η2
κ
KaKb.
(35)
Finally, the ultra-relativistic limit of the κ-AdSΛ deformed quadratic Casimir Cκ is obtained by
applying the LBC map onto Cκ and then computing limc→0 c
2 Cκ. The final result is
Cκ = 2κ
2 (cosh(P0/κ)− 1)− η
2eP0/κK2. (36)
By inspection of the expressions above, we notice that now the rotation sector is trivial, so
that the ultra-relativistic limit erases this kind of effect of the interplay between the curvature
and quantum deformations, contrary to what happens in the non-relativistic limit. Moreover,
the only residual mixing between the two parameters is of the form η2/κ (to the first-order in
1/κ), while in the non-relativistic case we had effects already at the first-order in η, going as
η/κ. This gives a first characterization of the fact that also the speed of light parameter c has
a non-trivial interplay with the curvature and quantum deformation parameters.
The proper κ-Carroll algebra arises under the limit η → 0 and is characterized by the
following coproducts, Poisson brackets and Casimir functions:
∆(P0) = P0 ⊗ 1 + 1⊗ P0, ∆(Ja) = Ja ⊗ 1 + 1⊗ Ja,
∆(Pa) = Pa ⊗ 1 + e
−P0/κ ⊗ Pa, ∆(Ka) = Ka ⊗ 1 + e
−P0/κ ⊗Ka,
{Ja, Jb} = ǫabcJc, {Ja, Pb} = ǫabcPc, {Ja,Kb} = ǫabcKc,
{Ka, P0} = 0, {Ka, Pb} = δab
1− e−2P0/κ
2/κ
, {Ka,Kb} = 0,
{P0, Pa} = 0, {Pa, Pb} = 0, {P0, Ja} = 0,
(37)
Cκ = 2κ
2 (cosh(P0/κ)− 1) . (38)
We stress that the full quantization providing the three κ-Carrollian quantum algebras is
immediate since the time translation P0 and the Carrollian boosts do commute among themselves
for any value of η, so no ordering problems appear and the Poisson brackets can be replaced
by commutators. We also remark that the resulting quantum algebras are endowed with a
bicrossproduct structure [2, 56, 57, 58] but now with respect to R′4 = 〈P0,K〉 (see (15)).
5 The κ-Newtonian and κ-Carrollian noncommutative
spacetimes
In the previous sections we have obtained the κ-Newtonian and κ-Carrollian algebras. Now we
will deduce their associated noncommutative spacetimes as the corresponding non-relativistic
and ultra-relativistic contractions of the noncommutative κ-AdSΛ spacetime, which has been
recently constructed in [31]. As we will see in the sequel, the LBC approach will also provide
all the tools we need to this aim.
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Let us recall that the κ-AdSΛ Poisson homogeneous spacetime (PHS) was obtained in [31]
through the Sklyanin bracket coming from the r-matrix (17) by restricting it to the Poisson sub-
algebra generated by the local spacetime coordinates x0 and xa, which are the group parameters
of the time translation P0 and space translations Pa, respectively. The resulting semiclassical
κ-AdSΛ spacetime is given by the following Poisson brackets
{x1, x0} =
1
κ
tanh(ηx1)
η cosh2(ηx2) cosh2(ηx3)
,
{x2, x0} =
1
κ
tanh(ηx2)
η cosh2(ηx3)
,
{x3, x0} =
1
κ
tanh(ηx3)
η
,
(39)
{x1, x2} = −
1
κ
cosh(ηx1) tanh2(ηx3)
η
,
{x1, x3} =
1
κ
cosh(ηx1) tanh(ηx2) tanh(ηx3)
η
,
{x2, x3} = −
1
κ
sinh(ηx1) tanh(ηx3)
η
,
(40)
which is a nonlinear deformation of the κ-Minkowski spacetime, which is recovered as the η → 0
limit of the previos expressions, namely
{xa, x0} =
1
κ
xa, {xa, xb} = 0. (41)
We stress that since the Poisson brackets among the space sector (40) do not vanish when η 6= 0,
the quantization of the κ-AdSΛ PHS has to be performed by fixing a precise ordering. As it
was shown in [31], a suitable ordering allows the quantum κ-AdSΛ noncommutative spacetime
to be expressed as a homogeneous quadratic algebra, provided that ambient coordinates are
considered.
Let us now focus on the obtention of the κ-Newtonian noncommutative spacetimes, whose
associated Poisson–Hopf algebras were obtained in Section 3. Since these are non-coboundary
deformations with no underlying classical r-matrix, the use of the Sklyanin bracket in order to
get the noncommutative spacetimes is precluded. Nevertheless the corresponding PHS can be
deduced as the non-relativistic limit of the κ-AdSΛ one, since it is well-known that the clue
for performing the contraction at the group level is to impose that the pairing between local
coordinates and algebra generators has to be preserved (in other words, products x0P0 and
xaPa must be invariant under the contraction mapping, see [59] for details). In this way the
contraction map (5) induces the following transformation law for the Newtonian coordinates
x0 → x0, xa → c xa, (42)
and the non-relativistic limit of the Poisson brackets (39) and (40) can be obtained by applying
(42) onto them, and recalling that in this fundamental LBC the quantum deformation parameter
κ is not affected by the contraction. In this way, the c → ∞ limit of the transformed Poisson
brackets leads to the κ-Newtonian Poisson homogeneous spacetimes:
{xa, x0} =
1
κ
xa, {x1, x2} = −
η
κ
(x3)2, {x1, x3} =
η
κ
x2x3, {x2, x3} = −
η
κ
x1x3. (43)
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Note that (43) are identical to the first-order in η of the full κ-AdSΛ expressions (39)–(40),
which means that the non-relativistic contraction eliminates all higher order contributions in
the cosmological constant parameter. Furthermore, the non-relativistic limit does not produce
a complete separation between the space and time coordinates, as happens in the classical case.
Here, quantum effects produce a residual mixing in the form of non-trivial brackets between the
time and space sectors of spacetime. This is something that was already noticed in the Snyder
noncommutative spacetime model [24]. Furthermore, the joint effect of the quantum deformation
and curvature parameters is still visible in the spatial coordinates brackets. Further comments
on this are below.
Now, by resorting to [31] we realize that this quadratic algebra can straightforwardly be quan-
tized by considering the ordered monomials (xˆ1)l (xˆ3)m (xˆ2)n, and the quantum κ-Newtonian
noncommutative spacetimes are thus given by the commutation rules
[xˆa, xˆ0] =
1
κ
xˆa, [xˆ1, xˆ2] = −
η
κ
(xˆ3)2, [xˆ1, xˆ3] =
η
κ
xˆ3xˆ2, [xˆ2, xˆ3] = −
η
κ
xˆ1xˆ3, (44)
which define a noncommutative and associative (Jacobi identities hold) homogeneous quadratic
algebra.
We stress that the time-space commutators [xˆa, xˆ0] in (44) are the same as in the κ-Minkowski
spacetime M3+1κ (41), but the noncommutative space coordinates define a quadratic subalgebra
which, in the same manner as in the κ-AdSΛ case, can be identified [60, 61] with a subalgebra of
Woronowicz’s quantum SU(2) group [62, 63, 64, 65]. In fact, there does exist a Casimir operator
for the Newtonian space subalgebra, which is given by
Sˆη/κ = (xˆ
1)2 + (xˆ2)2 + (xˆ3)2 +
η
κ
xˆ1xˆ2, [Sˆη/κ, xˆ
a] = 0, (45)
that can be interpreted as the definition of a “quantum sphere” in the 3-space, onto which the
time operator xˆ0 acts as a dilation:
[xˆ0, Sˆη/κ] = −
2
κ
Sˆη/κ. (46)
We remark that the ultimate responsible of the non-vanishing spatial commutators and of the
existence of the operator Sˆη/κ is the quantum su(2) ≃ so(3) subalgebra generated by the rotation
generators J (see (21) and (25)) appearing in the κ-Newtonian deformation, which is a character-
istic feature of the κ-AdSΛ deformation and turns out to be preserved under the non-relativistic
limit. Note also that the κ-Galilei noncommutative spacetime G3+1κ with η = 0 is much more
degenerate and has the very same abelian spatial sector as the κ-Minkowski spacetime (41).
As far as the κ-Carrollian Poisson–Hopf algebras deduced in Section 4 are concerned, there
are two different but equivalent ways to obtain their associated PHS. On the one hand, since
they are coboundary deformations one can make use of the Sklyanin bracket with classical r-
matrix (32), which requires left- and right-invariant vector fields to be computed. On the other
hand, one can directly perform the ultra-relativistic limit of the κ-AdSΛ PHS by following the
same approach as in the Newtonian cases, based on the fundamental LBC (which in this case
coincides with the coboundary one). Therefore, from the LBC maps (11) and (31) the following
transformation on the group parameters are induced
x0 → c−1 x0, xa → xa, κ→ c κ. (47)
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If we apply (47) to the κ-AdSΛ Poisson brackets (39) and (40) and compute the limit c → 0,
the κ-Carrollian PHS are obtained, namely
{x1, x0} =
1
κ
tanh(ηx1)
η cosh2(ηx2) cosh2(ηx3)
,
{x2, x0} =
1
κ
tanh(ηx2)
η cosh2(ηx3)
,
{x3, x0} =
1
κ
tanh(ηx3)
η
,
{xa, xb} = 0.
(48)
We stress that within these spaces the spatial coordinates xa do Poisson commute, which implies
that no ordering ambiguities appear and the κ-Carrollian noncommutative spacetime is just given
by (48) by replacing the Poisson brackets by commutators. Notice that in this case there is no
quantum su(2) ≃ so(3) subalgebra and the rotation generators remain non-deformed (see (34)
and (35)). This is due to the fact that the term J1∧J2 in the r-matrix (17) dissapears under the
ultra-relativistic contraction to the r-matrix (32). Moreover, once more, the proper κ-Carroll
noncommutative spacetime C3+1κ with η = 0 coincides with M
3+1
κ (41).
6 Concluding remarks
While it has been understood for a while that Planck scale effects might have a non-trivial
interplay with curvature effects, their relation to relativistic effects was not investigated before.
Here, we provide a first characterization of such interplay by studying κ-deformed spacetime
models with non-vanishing cosmological constant (and correspondingly deformed symmetries)
in the non-relativistic c →∞ and ultra-relativistic c → 0 limits. In this way we can categorize
the effects that are of purely quantum origin (i.e. dependent on the quantum deformation pa-
rameter κ), those that are due to the interplay between the quantum deformation and curvature
parameter η, and those that are also affected by the speed of light parameter c.
The first kinds of effects are those that are well-known from the study of the κ-Minkowski
spacetime and κ-Poincare´ symmetries. Most prominently, the noncommutativity between the
time and space coordinates and a deformation of the algebra of boosts and spatial translations.
Effects that are due to the interplay between κ and η are the deformation of the algebra of
rotations and the noncommutativity between spatial coordinates. In this paper, we found that
the speed of light does not affect those effects that are purely quantum (since they do not appear
in qualitatively different ways in either the non-relativistic limit or the ultra-relativistic limit).
In particular, the noncommutativity between time and space coordinates is still present in the
two limits, despite the fact that classically one would expect a complete separation between
the time and space sectors of spacetime. In this sense, quantum effects are “stronger” than
relativistic effects. However, c does enter into the picture in a significant way when considering
the joint κ and η effects. For example, the induced modification of the algebra of rotation and
the noncommutativity between spatial coordinates are both preserved in the non-relativistic
limit, but are lost in the ultra-relativistic limit.
It is worth stressing that the three flat cases with Λ = η = 0 (Minkowski M3+1κ , Galilei G
3+1
κ
and Carroll C3+1κ ) share the same noncommutative spacetime algebra. Therefore it seems rather
natural to wonder about the additional symmetry structure that could allows us to distinguish
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the different features of these three models from a phenomenological perspective. Indeed, the
three Hopf algebra structures providing the quantum group invariance of the three spaces are
different, and this will be reflected in the properties of their associated curved momentum spaces,
as it has been recently analysed in [66]. Another framework that might allow to distinguish
the three cases is that of noncommutative spaces of worldlines associated to a given quantum
deformation. This space has been recently constructed for the κ-Minkowski spacetime in [67]. In
fact, the construction of the κ-Galilei and κ-Carroll noncommutative spaces of geodesics might
give rise to very different geometric structures, which are worth to be studied. Work on this line
is currently in progress and will be presented elsewhere.
Acknowledgements
This work has been partially supported by Ministerio de Ciencia, Innovacio´n y Universidades (Spain)
under grant MTM2016-79639-P (AEI/FEDER, UE) and by Junta de Castilla y Leo´n (Spain) under grants
BU229P18 and BU091G19. The authors acknowledge the contribution of the COST Action CA18108.
References
[1] S. Doplicher, K. Fredenhagen and J. E. Roberts. Spacetime quantization induced by classical gravity.
Phys. Lett. B 331:39–44, 1994. doi:10.1016/0370-2693(94)90940-7.
[2] S. Majid and H. Ruegg. Bicrossproduct structure of κ-Poincare´ group and non-commutative geom-
etry. Phys. Lett. B 334:348–354, 1994. doi:10.1016/0370-2693(94)90699-8.
[3] J. Madore, S. Schraml, P. Schupp and J. Wess. Gauge theory on noncommutative spaces. Eur. Phys.
J. C 16:161–167, 2000. doi:10.1007/s100520050012.
[4] A. P. Balachandran, G. Mangano, A. Pinzul and S. Vaidya. Spin and statistics on the Groenewold-
Moyal plane: Pauli-forbidden levels and transitions. Int. J. Mod. Phys. A 21:3111-3126, 2006.
doi:10.1142/S0217751X06031764.
[5] G. Amelino-Camelia. Quantum-spacetime phenomenology. Living Rev. Rel. 16:5, 2013.
doi:10.12942/lrr-2013-5.
[6] L. J. Garay. Quantum gravity and minimum length. Int. J. Mod. Phys. A 10:145–165, 1995.
doi:10.1142/S0217751X95000085.
[7] S. Hossenfelder. Minimal length scale scenarios for quantum gravity. Living Rev. Rel. 16:2, 2013.
doi:10.12942/lrr-2013-2.
[8] G. Rosati, G. Amelino-Camelia, A. Marciano and M. Matassa. Planck-scale-modified dispersion
relations in FRW spacetime. Phys. Rev. D 92:124042, 2015. doi:10.1103/PhysRevD.92.124042.
[9] L. Barcaroli and G. Gubitosi. Kinematics of particles with quantum-de Sitter-inspired symmetries.
Phys. Rev. D 93:124063, 2016. doi:10.1103/PhysRevD.93.124063.
[10] A. Ballesteros, N. R. Bruno and F. J. Herranz. A non-commutative Minkowskian spacetime from a
quantum AdS algebra. Phys. Lett. B 574:276-282, 2003. doi:10.1016/j.physletb.2003.09.014.
[11] H. Steinacker. Quantum anti-de Sitter space and sphere at roots of unity. Adv. Theor. Math. Phys.
4:155–208, 2000. doi:10.4310/ATMP.2000.v4.n1.a4.
[12] M. Buric and J. Madore. Noncommutative de Sitter and FRW spaces. Eur. Phys. J. C 75:502, 2015.
doi:10.1140/epjc/s10052-015-3729-6.
16
[13] J. J. Heckman and H. Verlinde. Covariant non-commutative space-time. Nucl. Phys. B 894:58-74,
2015. doi:10.1016/j.nuclphysb.2015.02.018.
[14] B. Ivetic, S. Meljanac and S. Mignemi. Classical dynamics on curved Snyder space. Class. Quant.
Grav. 31:105010, 2014. doi:10.1088/0264-9381/31/10/1050108.
[15] A. Ballesteros, N. R. Bruno and F. J. Herranz. Non-commutative relativistic spacetimes and world-
lines from 2+1 quantum (anti-)de Sitter groups. Adv. High. Energy Phys. 2017:7876942, 2017.
doi:10.1155/2017/7876942.
[16] G. Manolakos, P. Manousselis and G. Zoupanos. Four-dimensional gravity on a covariant noncom-
mutative space. arXiv:1902.10922.
[17] A. Marciano, G. Amelino-Camelia, N. R. Bruno, G. Gubitosi, G. Mandanici and A. Melchiorri.
Interplay between curvature and Planck-scale effects in astrophysics and cosmology. J. Cosmol.
Astropart. Phys. 06:030, 2010. doi:10.1088/1475-7516/2010/06/030.
[18] A. Ballesteros, G. Gubitosi, I. Gutie´rrez-Sagredo and F. J. Herranz. Curved momentum spaces
from quantum (anti-)de Sitter groups in (3+1) dimensions. Phys. Rev. D 97:106024, 2018.
doi:10.1103/PhysRevD.97.106024.
[19] L. J. Garay. Quantum evolution in space-time foam. Int. J. Mod. Phys. A 14:4079–4120, 1999.
doi:10.1142/S0217751X99001913.
[20] J. R. Ellis, J. S. Hagelin, D. V. Nanopoulos and M. Srednicki. Search for violations of quantum
mechanics. Nucl. Phys. B 241:381–405, 1984. doi:10.1016/0550-3213(84)90053-1.
[21] G. Dautcourt. On the ultrarelativistic limit of general relativity. Acta Phys. Polon. B 29:1047–1055,
1998. arXiv:gr-qc/9801093.
[22] E. Bergshoeff, J. Gomis, B. Rollier, J. Rosseel and T. ter Veldhuis. Carroll versus Galilei Gravity.
JHEP 1703:165, 2017. doi:10.1007/JHEP03(2017)165.
[23] N. Pinto-Neto and E. S. Santini. Must quantum spacetimes be Euclidean? Phys. Rev. D 59:123517,
1999. doi:10.1103/PhysRevD.59.123517.
[24] A. Ballesteros, G. Gubitosi, and F. J. Herranz. Lorentzian Snyder spacetimes and their Galilei and
Carroll limits from projective geometry. arXiv:1912.12878.
[25] J. Kowalski-Glikman and S. Nowak. Doubly special relativity theories as different bases of κ-Poincare´
algebra. Phys. Lett. B 539:126–132, 2002. doi:10.1016/S0370-2693(02)02063-4.
[26] N. R. Bruno, G. Amelino-Camelia and J. Kowalski-Glikman. Deformed boost trans-
formations that saturate at the Planck scale. Phys. Lett. B 522:133–138, 2001.
doi:10.1016/S0370-2693(01)01264-3.
[27] G. Gubitosi and F. Mercati. Relative locality in κ-Poincare´. Class. Quant. Grav. 30:145002, 2013.
doi:10.1088/0264-9381/30/14/145002.
[28] G. Amelino-Camelia, M. Arzano, J. Kowalski-Glikman, G. Rosati and G. Trevisan. Relative-
locality distant observers and the phenomenology of momentum-space geometry. Class. Quant. Grav.
29:075007, 2012. doi:10.1088/0264-9381/29/7/075007.
[29] G. Amelino-Camelia and S. Majid. Waves on noncommutative space-time and gamma-ray bursts.
Int. J. Mod. Phys. A 15:4301–4323, 2000. doi:10.1142/S0217751X00002779.
[30] G. Gubitosi and S. Heefer. Relativistic compatibility of the interacting κ-Poincare´ model
and implications for the relative locality framework. Phys. Rev. D 99:086019, 2019.
doi:10.1103/PhysRevD.99.086019.
17
[31] A. Ballesteros, I. Gutierrez-Sagredo and F. J. Herranz. The κ-(A)dS noncommutative spacetime.
Phys. Lett. B 796:93–101, 2019. doi:10.1016/j.physletb.2019.07.038.
[32] A. Ballesteros, F. J. Herranz, F. Musso, and P. Naranjo. The κ-(A)dS quantum algebra in (3+1)
dimensions. Phys. Lett. B 766:205–211, 2017. doi:10.1016/j.physletb.2017.01.020.
[33] F. J. Herranz and M. Santander. Casimir invariants for the complete family of quasisimple orthogonal
algebras. J. Phys. A: Math. Gen. 30:5411–5426, 1997. doi:10.1088/0305-4470/30/15/026.
[34] F. J. Herranz and M. Santander. (Anti)de Sitter/Poincare´ symmetries and representations from
Poincare´/Galilei through a classical deformation approach. J. Phys. A: Math. Theor. 41:015204,
2008. doi:10.1088/1751-8113/41/1/015204.
[35] H. Bacry and J. M. Le´vy-Leblond. Possible Kinematics. J. Math. Phys. 9:1605–1614, 1968.
doi:10.1063/1.1664490.
[36] E. Inonu and E. P. Wigner. On the Contraction of groups and their representations. Proc. Nat.
Acad. Sci. 39:510–524, 1953. doi:10.1073/pnas.39.6.510.
[37] A. Ballesteros, F. J. Herranz, M. A. del Olmo and M. Santander. Quantum (2+1)
kinematical algebras: a global approach. J. Phys. A: Math. Gen. 27:1283–1297, 1994.
doi:10.1088/0305-4470/27/4/021.
[38] R. Aldrovandi, A. L. Barbosa, L. C. B. Crispino and J. G. Pereira. Non-relativistic
spacetimes with cosmological constant. Class. Quantum Grav. 16:495–506, 1999.
doi:10.1088/0264-9381/16/2/013.
[39] C. Duval, G. W. Gibbons, P. A. Horvathy and P. M. Zhang. Carroll versus Newton and
Galilei: two dual non-Einsteinian concepts of time. Class. Quant. Grav. 31:085016, 2014.
doi:10.1088/0264-9381/31/8/085016.
[40] J. M. Figueroa-O’Farrill. Kinematical Lie algebras via deformation theory. J. Math. Phys. 59:
061701, 2018. doi:10.1063/1.5016288.
[41] J. Gomis, A. Kleinschmidt, J. Palmkvist and P. Salgado-Rebolledo. Newton–Hooke/Carrollian ex-
pansions of (A)dS and Chern–Simons gravity. JHEP 2020:9, 2020. doi:10.1007/JHEP02(2020)009.
[42] F. J. Herranz and M. Santander. Conformal symmetries of spacetimes. J. Phys. A: Math. Gen.
35:6601–6618, 2002. doi:10.1088/0305-4470/35/31/306.
[43] J. M. Le´vy-Leblond, Une nouvelle limite non-relativiste du group de Poincare´. Ann. Inst. H. Poincare´
3(1):1–12, 1965. http://www.numdam.org/item/AIHPA_1965__3_1_1_0/
[44] J. Hartong. Gauging the Carroll algebra and ultra-relativistic gravity. JHEP 2015:69, 2015.
doi:10.1007/JHEP08(2015)069.
[45] B. Cardona, J. Gomis and J. M. Pons. Dynamics of Carroll Strings. JHEP 2016:50, 2016.
doi:10.1007/JHEP07(2016)050.
[46] J. A. de Azca´rraga, F. J. Herranz, J. C. Pe´rez Bueno and M. Santander. Central ex-
tensions of the quasi-orthogonal Lie algebras. J. Phys. A: Math. Gen. 31:1373–1394, 1998.
doi:10.1088/0305-4470/31/5/008.
[47] E. Celeghini, R. Giachetti, E. Sorace and M. Tarlini. The quantum Heisenberg group H(1)q. J.
Math. Phys. 32:1155–1158, 1991. doi:10.1063/1.529311.
[48] E. Celeghini, R. Giachetti, E. Sorace and M. Tarlini. Contractions of quantum groups. Lect. Notes
Math. 1510:221–244, 1992. doi:10.1007/BFb0101192.
18
[49] P. Maslanka. The n-dimensional κ-Poincare´ algebra and group. J. Phys. A: Math. Gen. 26:L1251–
L1253, 1993. doi:10.1088/0305-4470/26/24/001.
[50] S. Zakrzewski. Quantum Poincare´ group related to the κ-Poincare´ algebra. J. Phys. A: Math. Gen.
27:2075–2082, 1994. doi:10.1088/0305-4470/27/6/030.
[51] J. Lukierski, H. Ruegg, A. Nowicki and V. N. Tolstoy. q-deformation of Poincare´ algebra. Phys.
Lett. B 264:331–338, 1991. doi:10.1016/0370-2693(91)90358-W.
[52] J. Lukierski, A. Nowicki and H. Ruegg. Real forms of complex quantum anti-de-Sitter
algebra Uq(Sp(4;C) and their contraction schemes. Phys. Lett. B 271:321–328, 1991.
doi:10.1016/0370-2693(91)90094-7.
[53] S. Giller, P. Kosinski, M. Majewski, P. Maslanka and J. Kunz. More about the q-deformed Poincare´
algebra. Phys. Lett. B 286:57–62, 1992. doi:10.1016/0370-2693(92)90158-Z.
[54] J. Lukierski, A. Nowicki and H. Ruegg. New quantum Poincare´ algebra and κ-deformed field theory.
Phys. Lett. B 293:344–352, 1992. doi:10.1016/0370-2693(92)90894-A.
[55] A. Ballesteros, N. A. Gromov, F. J. Herranz, M. A. del Olmo and M. Santander. Lie bialgebra
contractions and quantum deformations of quasi-orthogonal algebras. J. Math. Phys. 36:5916–5937,
1995. doi:10.1063/1.531368.
[56] S. Majid. Hopf algebras for physics at the Planck scale. Class. Quantum Grav. 5:1587–1606, 1988.
doi:10.1088/0264-9381/5/12/010.
[57] S. Majid. Foundations of quantum group theory. Cambridge University Press, Cambridge, 1995.
doi:10.1017/CBO9780511613104.
[58] J. A. de Azca´rraga, M. A. del Olmo, J. C. Pe´rez Bueno and M. Santander. Graded contractions and
bicrossproduct structure of deformed inhomogeneous algebras. J. Phys. A: Math. Gen. 30:3069–3086,
1997. doi:10.1088/0305-4470/30/9/018.
[59] A. Ballesteros, F. J. Herranz, M. A. del Olmo and M. Santander. Classical deformations, Poisson–
Lie contractions, and quantization of dual Lie bialgebras. J. Math. Phys. 36:631–640, 1995.
doi:10.1063/1.531331.
[60] J. Grabowski. Quantum SU(2) group of Woronowicz and Poisson structures. In J. Janyska and
D. Krupka, editors, Differ. Geom. its Appl. Proc. Conf. Brno 1989, pp. 313–322, Brno, Czechoslo-
vakia. World Scientific, 1990.
[61] J. Grabowski. Poisson Lie groups and their relations to quantum groups. Panoramas Math. Banach
Cent. Publ. 34:55–64, 1995. doi:10.4064/-34-1-55-64.
[62] S. L. Woronowicz. Twisted SU(2) group. An example of a non-commutative differential calculus.
Publ. Res. Inst. Math. Sci. Kyoto Univ. 23:117–181, 1987. doi:10.2977/prims/1195176848.
[63] S. L. Woronowicz. Compact matrix pseudogroups. Commun. Math. Phys. 111:613–665, 1987.
doi:10.1007/BF01219077.
[64] L. L. Vaksman and Y. S. Soibel’man. Algebra of functions on the quantum group SU(2). Funct.
Anal. Its Appl. 22:170–181, 1988. doi:10.1007/BF01077623.
[65] M. Chaichian and A. Demichev. Introduction to quantum groups. World Scientific, Boston, 1996.
doi:10.1142/3065.
[66] F. Lizzi, F. Mercati and M. Manfredonia. Momentum spaces of arbitrary signature for κ-Minkowski.
arXiv:2001.08756.
[67] A. Ballesteros, I. Gutierrez-Sagredo, and F. J. Herranz. Noncommutative spaces of worldlines. Phys.
Lett. B 792:175–181, 2019. doi:10.1016/j.physletb.2019.03.029.
19
